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PARAMETRIC EXCITATION 
OF SURFACE MAGNETOSTATIC MODES 
IN AN AXIALLY MAGNETIZED ELLIPTIC 
CYLINDER UNDER LONGITUDINAL PUMPING 


A rigorous analytical theory of parametric excitation under the longitudinal pumping has been 
developed for the surface magnetostatic modes of a long elliptic ferrite cylinder magnetized 
along its axis with regard for the boundary conditions at the surface of the cylinder. It is shown 
that a pair of frequency-degenerated counter-propagating surface modes at half the pumping 
frequency can be parametrically excited, and the expressions for the corresponding paramet¬ 
ric excitation threshold have been derived. The threshold demonstrates a strong dependence 
on the mode number and elliptic cylinder’s aspect ratio and tends from above for the large 
aspect ratio to the value deduced on the basis of the plane-wave analysis. The simple analytical 
relation between the ratio of axes of the high-frequency magnetization polarization ellipse of 
excited surface magnetostatic oscillations and the parametric excitation threshold is obtained, 
discussed, and graphically illustrated. 

Keywords: parametric processes, surface magnetostatic oscillations, elliptic cylinder, 
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1. Introduction 

The parametric excitation of spin waves due to the 
intrinsic nonlinear properties of ferromagnetic mate¬ 
rials plays a key role in practical applications. While 
the magnetization oscillations with small amplitudes 
can be safely analyzed in the linear approximation 
[ij, the nonlinear properties of ferrite for relatively 
large amplitudes of the high-frequency magnetiza¬ 
tion lead to various nonlinear effects [^, including 
the parametric excitation (PE) of spin waves [^. On 
the one hand, such phenomenon restricts the dynamic 
range of the input RF power of magnetostatic res¬ 
onators. On the other hand, a number of nonlinear 
devices, such as a power limiter and a signal-to-noise 
enhancer are based on this effect Q. Therefore, the 
careful examination of parametric excitation with re¬ 
gard for the specific features of a ferrite resonator and 
excitation conditions is of importance for the applied 
research. 

Suhl developed the basics of the PE theory, 
as applied to a transversely pumped isotropic ferro- 
magnet. Subsequently, the theoretical model was im¬ 


proved to account for the arbitrary orientation and 
polarization of a microwave pumping field [^. Finally, 
it was generalized for the first and second bands un¬ 
der the dual pumping of ferrite materials with either 
uniaxial or cubic magnetocrystalline anisotropy, by 
using arbitrary polarized and oriented RF fields [^. 

However, Suhl’s theory utilizes the expansion of the 
high-frequency magnetization in uniform plane spin 
waves, which is justified only when the wave number 
k of excited spin waves is much larger than the inverse 
dimensions of a sample. But, for thin ferrimagnetic 
films with thickness of the order of a few to a few tens 
of microns, the typical wave numbers of resonator 
eigen-excitations - surface magnetostatic oscillations 
(SMSO) - are much less than the inverse thickness. In 
this case, one ought to expand the magnetization vec¬ 
tor m and the RF magnetic field in problem’s normal 
modes m„: m = -|- c.c.) QiSl? instead of 

plane spin waves. 

In this paper, the parametric excitation of SMSO 
in a longitudinally magnetized yttrium-iron garnet 
(YIG) film resonator with elliptic cross-section un¬ 
der the longitudinal pumping will be considered, by 
taking the actual boundary conditions at the res¬ 
onator surface into account. The ferrite anisotropy is 
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neglected, by assuming the external static magnetic 
field to be much larger than typical YIG cubic and 
uniaxial anisotropy fields (~50 Oe). 


2. General Theory 

The exact analytical theory of SMSO in infinitely long 
isotropic ferrite resonator magnetized along its axis 
with elliptic cross-section (Fig. 1) in the nonexchange 
limit is presented in j9|| . 

It was shown [9|,ll0| , that the eigenfrequency of the 
SMSO n-th mode of such resonator is given by: 



Fig. 1. Longitudinally magnetized ferrite elliptic cylinder un¬ 
der parallel pumping 

In view of the standard expressions 
h„ = grad^'„, m„ = xh„, 


~ + wm/ 2)^ — l/4a;^((a — b)/[a -I- (1) 

The magnetostatic modes of the infinitely long el¬ 
liptic resonator can be characterized by three indices 
[7|, namely, the number of nodes in the circumfer¬ 
ential direction n, index r of a solution of the char¬ 
acteristic equation, and wavenumber /3 correspond¬ 
ing to the propagation along the cylinder axis. For 
the axially uniform oscillations, /I = 0, and the 
surface modes are labeled by r = 0, according to 
0. Hereafter, we will designate each mode with the 
single subscript n instead of all three indices (n, 0, 0), 
for the sake of brevity. 

Since = a;_„ (1), the external pumping RF 
magnetic field h (applied in parallel to the DC field 
Hq) with the frequency ujp = 2a;„ can parametri¬ 
cally excite two frequency-degenerated counterpropa- 
gating surface magnetostatic modes with the indices 
n and —n. 

The magnetostatic potential 4' for the SMSO n-th 
mode in an elliptic ferrite cylinder with seiniaxes a 
and b can be expressed in the modified elliptic coor¬ 
dinate system (p, (j), z) as @ 

4'„ (p, (ji) = (i?+ (p) cos (n(/)) - 

- isgn(n) ^ sm{n(j))), (2) 

f-^a 

where Bn is the mode amplitude, Rn{p) = (p'”' + 
+ (c/2)2Hp-H)^ = (pH - (c/2)2Hp-H), 

A = (1 - (c /(a + 6))"l"l)/(l + (c/(a + &))^l"l, c = 
= Va^ - b'^, p = (w^ - a;?)/(a;^ - ujjp), po = 
= - l^%), Ujf = UJniuJH + ujm), wm = 

= jAttMo, ujh = 'yHo, 7 is the gyromagnetic ratio, 
and Mq is the saturation magnetization. In (2), one 
should treat lo as the eigenfrequency a;„ of the n-th 
mode at a given magnetic field Hq (see (1)). 


X = 


Wm 


ujjp — y—iu! loh 


relations (2) yield the explicit formulae for the com¬ 
ponents of the high-frequency magnetization vector 
m„ for each SMSO mode. Then we verified,by 
straightforward calculations, the orthogonality re¬ 
lation f {mpniTiipm — nT-ipn'mpm) dV — 0 and calcu¬ 
lated the eigenmode normalization constant Dn = 
= —if (mpnm^n~''TT-pn^vn)dV [3|- It was found, that 

Bnj where Cn is some expression 


Dn = D_„ = 


ipn 

2-KC'i 


\n\ 


depending on the frequency, magnetic field, satura¬ 
tion magnetization, and geometric parameters of a 
sample, and En = 2a;„(2ajij -|- a;M(l + ((o — b)/{a + 
-h&))l”l))-b Note that, in modified elliptical cylindri¬ 
cal coordinates Q, we have dV = ph’j^dpdipdz, hp = 

= Y^(l — + (c2/4p2) sin^ ip. 

In 0 , the general expression for the experimentally 
observed parametric excitation threshold RF field he 
was found to be 


ilhcf = 


AuJnn^rm 

\ \* ’ 
^n,m^rn,n 


(3) 


where Xn,m = (l/F'n) / (m*m;;j) dV, and ujm is the 
relaxation frequency of the proper mode. 

Using (2), we obtain 


ij^pn^pm ^ipn^ipm 


)dV=^{l-El), 


when |n| = |m|, and is equal to zero otherwise (here, 
Cn and En are exactly the same as in the expression 
for Dn). Therefore, 


Xn.m — 


2En 


d\n\,\m\ 
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This means that the PE process like ujp = ujn + ijJm, 
\n\ ^ I TO I, which could be allowed by the energy 
conservation law, would have, nevertheless, the in¬ 
finite threshold due to the zero overlapping inte¬ 
gral \n,m- Thus, only the parametric excitation of 
two SMSO modes having opposite azimuthal indices 
n = —TO is allowed and would be considered further. 
By substituting all the previously calculated expres¬ 
sions into (3), we obtain 

1 ) {l-E^nY 

After some cumbersome calculations, the final ex¬ 
pression takes the form 


hr — 


2L0r 


2uJr, 


r]UJp 


lum 


a — b 


|n| 


UJm 


a — b' 
a + b 


|ra| 


Ai/fc, 


(4) 


Considering the expression for the ellipticity fac¬ 
tor and relation (1), one can see that magnetization’s 
polarization is defined by the ellipticity factor rj only, 
according to TOmin/wmax = tan (1/2 arcsin(1/77)). 

Since the critical field he and the polarization state 
depend on the same coefficient we can express 
one physical quantity directly via another one. Thus, 
we have 

l2uJm 

he = - 

V 7 

The physical origin of such correlation is clear: 
for the circular precession of the magnetization 
(TOinin/TOinax = 1), the longitudinal component of 
the magnetization ruz is absent, and no coupling 
with the pumping field is possible (he —>■ c»). For 
a more elliptic precession, rUz becomes correspon- 
dently larger. Hence, the interaction is stronger, and 
the threshold is lower Q. 


^min/^n 


1 (^min/^max) 


2 ■ 


( 6 ) 


where rj = dun/duiH = is the el¬ 

lipticity factor [ll|, and AHk is the ferromagnetic 
resonance linewidth. 

Apparently, the excitation threshold for SMSO un¬ 
der the longitudinal pumping strongly depends on 
the geometric parameters of a sample (e.g., the as¬ 
pect ratio a/b). But otherwise, expression (4) is sim¬ 
ilar to that deduced on the basis of the plane-wave 
analysis [3|. 

As it was pointed out earlier Q, the PE process 
efficiency strongly correlates with the polarization of 
excited spin waves. Next, we will elucidate this state¬ 
ment for the problem under consideration and express 
it in the strict mathematical form. 

Using the explicit expressions for m„, our calcula¬ 
tions show that the ratio of axes of the high-frequency 
magnetization polarization ellipse is given by the for¬ 
mula 

TOmin/wmax = tan(l/2 arcsin(2E;„/(l -h El))). 

It is worth noting that TOmin/wmax does not depend 
on coordinates, i.e., it is spatially uniform. 

After some simplifications, we obtain a formula 
that explicitly expresses the ratio of axes of the eigen¬ 
mode polarization ellipse in terms of the magnetic and 
geometric parameters of the SMSO resonator: 

= tan fl/2 arcsin-\ (5) 

TOmax V UJH + ^J ^ ' 


3. Discussion 

Let us consider two limiting cases of (4): a circular 
ferrite rod (a = b) and a very elongated elliptic cylin¬ 
der (a ^ b). In the first case, /ic —>■ oo, since the char¬ 
acteristic equation admits a solution only for n > 0, 
and a pair of counterpropagating surface modes re¬ 
quired for the PE process is absent, as it was cor¬ 
rectly pointed out in Q. As for the second case, let 
us use the previously published expression for the 
PE of traveling surface magnetostatic waves with the 
wavevectors ±/c in a thin magnetic film with thick¬ 
ness d [l2|- In that situation, the threshold is equal to 
he = (2a;^„/7 ) (wp/wm) exp(|/c|(i), which for fed <C 1 
reduces to he = (2aj,,„/7) {wp/wm) (1 + \k\/d). On 
the other hand, expression (4) for 6/a <C 1 reduces to 
he = (2a;^„/7) (uJp/ujm) (1 + 26|n|/a). Those two for¬ 
mulae would be identical, if we make the natural re¬ 
placement 26 d and assume that an “equivalent” 
wavevector |fc| = \n\/a can be assigned to each eigen¬ 
mode with index n. Since 1/a —^ 0, the discrete set of 
mode indices smoothly transforms into a continuous 
manifold of k. Thus, expression (4) gives the correct 
results in both limiting cases. 

The dependence of the threshold on the cylinder 
shape is illustrated in Fig. 2, where the normalized 
microwave threshold field he /for a few lowest- 
order SMSO modes is depicted as a function of the 
aspect ratio a/6. In calculations, we used idp = 1 kOe 
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and the value of AttMq = 1.75 kG typical of YIG. The 
dash-dotted line shows the normalized threshold for 
infinite isotropic media (that is equal to uJp/ojm), by 
assuming that AHk in both cases are identical. One 
can see that the parametric excitation threshold dras¬ 
tically increases for cylinder’s shape close to the cir¬ 
cular one. But, for elliptic cylinders with a large as¬ 
pect ratio (for example, thin-film resonators), it is 
approaching the value for plane spin waves. Speci¬ 
fically, for the n = 1 mode, the difference from the 
“bulk” value is less than 15% for a/b > 20. Moreover, 
the threshold noticeably increases with the mode 
number. 

Thus, the calculations presented here allow one to 
evaluate the PE threshold for any given mode of an 
elliptic resonator and give the more flexibility to an 
SMSO resonator designer in choosing the dynamic 
power range of a device. For example, if the opera¬ 
tion at a larger input power is required, the resonator, 
according to (4) and Fig. 2, should work on higher 
modes with large he or must be manufactured as a 
circular cylinder. On the other hand, for the appli¬ 
cations like a power limiter, one can precisely set the 
desired resonator’s threshold power, by simply select¬ 
ing the appropriate axis ratio (see Fig. 2). 

The analysis of expression (5) demonstrates that, 
for a circular cylinder (a = b), all modes without 
exception have circular polarization. However, when 
cylinder’s aspect ratio a/b increases, the TOniin/^max 
ratio start decreasing, and the modes with larger in¬ 
dex n are always being more “circular”. In addition, 
the polarization ellipse aspect ratio increases with Hq , 
tending to 1 for the large bias (see Fig. 3). 

The threshold vs. polarization dependence, as de¬ 
scribed by expression (6), is illustrated in Fig. 4. It 
is clearly seen that the more elliptic precession of 
the magnetization (smaller TOmin/wmax) facilitates, 
indeed, PE under the longitudinal pumping, as was 
pointed out earlier. Note that the very elliptic (close 
to linear) precession is beyond the scope of the cur¬ 
rent theory, since the assumption <C mx^rny {rrii 
being the dynamical (high-frequency) components of 
the magnetization) used when deriving the expres¬ 
sions for tensor magnetic permeability is no longer 
valid in this case. 

In order to define the limits of current theory’s ap¬ 
plicability, the investigation of the longitudinal and 
transversal high-frequency components of the mag¬ 
netization vector, assuming |M| = const, was done. 



Fig. 2. Normalized microwave threshold field as a function of 
the elliptic cylinder aspect ratio 



Fig. 3. Modes magnetization ellipse axis ratio as a function 
of the bias magnetic field (cylinder’s aspect ratio a/b = 3) 
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Fig. 4- Parametric excitation threshold vs. the polarization 
axis ratio of excited magnetostatic oscillations 
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resulting in the following formula: 


^min 


^max 




+ 1 - 2 - 


'^xO 


(7) 


Expression (7) defines the polarization ellipse as¬ 
pect ratio rumin/wniax) for which ttIz reaches a value 
equal to a my, 0 < a < 1, for the given polarization 
ellipse normalized major semiaxis m^o = m^/MQ. 
The parameter a = mzjmy determines the small¬ 
ness of the longitudinal component mz relative to 
the transversal component my. If a <C 1, the stan¬ 
dard expressions for tensor magnetic permeability are 
entirely valid. Otherwise, those expressions are no 
longer applicable, and all the theoretical results pre¬ 
sented here are doubtful. Formula (7) allows one to 
estimate the range of Wmin/wmax) for which our the¬ 
oretical model remains correct. For example, for fixed 
mx/Mo = 0.1, a is equal 0.05 for TOmin/wmax = 0.41, 
and a = 0.1 for TOmin/wmax = 0.24. Thus, the 
safe interval is roughly 0.5 < mmin/wmax < 1- For 
smaller mx/Mo we will always get lesser values of the 
lower boundary of rnmin/wmax- Therefore, it would 
be safe to assume that, for relatively small mx/Mo 
(which is typical of the parametric excitation pro¬ 
cesses under the parallel pumping), the curve in 
Fig. 4 is trustworthy for Wmin/wmax above approx¬ 
imately 0.5. 


the parametric SMSO excited at ujp/2 in an YIG res¬ 
onator biased with Hq = 1000 Oe will have low k 
and Ri 0.25 Oe [I^. At the same time, the 

plane spin waves with equal frequency would have 
k Ki 10^ cm“^ and much larger r: 0.7 Oe 

due to the additional contribution from the dipolar 
3-magnon confluence process 0 . In this situation, 
the SMSO main mode (n = 1) in a resonator with 
aspect ratio a/b > 2 will have a lower parametric 
excitation threshold than plane spin waves. 

The analytical expression for the ratio of axes of 
the high-frequency magnetization polarization ellipse 
is obtained, and the correspondence between the 
polarization state and the PE threshold is investi¬ 
gated. The expression directly connecting the ratio 
of axes and the PE threshold is found and graphi¬ 
cally illustrated, and the bounds of its applicability 
are indicated. 

Earlier Q, it was shown that it the nonexchange 
limit SMSO spectrum of a long YIG longitudinally 
biased resonator with rectangular cross-section can 
be calculated with the use of the geometric approx¬ 
imation of the resonator cross-section with inscribed 
ellipse. Thus, the presented theory, though being de¬ 
rived for an elliptic resonator, can be potentially ap¬ 
plied to the widely used film ferrite resonators with 
rectangular shape. 


4. Conclusions 

Analytical calculations by the theory of parametric 
excitation of magnetostatic surface oscillations in lon¬ 
gitudinally magnetized elliptic cylinders under the 
longitudinal pumping have been conducted. The fi¬ 
nal expressions are obtained in the simple convenient 
form suitable for the further analysis. 

The parametric excitation threshold for various 
mode numbers and cylinder aspect ratios has been 
derived and analyzed. It is shown that the paramet¬ 
ric excitation threshold for SMSO in a thin ferrite 
film is of the same order of magnitude with that 
calculated within the classical theory for plane spin 
waves (SW). The interpretation of the experimen¬ 
tal results and the thorough analysis of both pos¬ 
sible mechanisms of parametric excitation are car¬ 
ried out. Indeed, we have the relation = 

= (Ai7|“®®/Ai7|'^ (a + 6)'”'/(a — For exam¬ 
ple, for the pumping field frequency ujp = 10 GHz, 
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M. O. Uonoe 

nAPAMETPHHHE 3By^:^EHH51 
nAPAJIEJlbHOK) HAKAHKOK) nOBEPXHEBHX 
MAPHITOCTATHHHHX KOJTHBAHB 
B nOSAOBXCHBO HAMAPHIHEHOMY 
EJimTHHHOMy IJ,HJ1IHAPI 

P e 3 lo M e 

Po3po6jieHO anajiiTHHHy xeopiio napaMexpHunoro 36y;],:aceH- 
HH napajiejibHOK) naKauKOio noBepxneBHx MarHixocxaxHHHHx 


KOjiHBaHb HecKiHueHHO flOBroro ejiinxHUHoro (^epoMarniTHoro 
ii;HjiiH;i;pa, HaMarniueHoro B3flOB:ac oci, 3 ypaxyBaHHHM rpann- 
HHHX yMOB na noBepxni 4)epOMarHeTHKa. IloKaaaHO mo:>kjih- 
BicTb napaMexpHHHoro 36y;],:aceHHH napn BHpofl:aceHHx mo^i, 3 
npoTHjie:>KHHMH HanpnMKaMH noniHpeHHn, 3 uacTOxaMH, mo 
;i;opiBHioiOTb nojiOBHHi uacTOTH naKauKH, xa oxpnMano Bnpaan 
nopora ii;boro npoLi;ecy. Snan^iieHO, mo noporoBa aiunjiixy^a 
nojin naKauKH chjibho 3ajie:acHXb am HOMepa mo;i;h xa Bmno- 
uieHHH BejiHKOi xa Majioi" niaoci ejiinxHUHoro ii;HjiiH;i;pa i npn 
aejiHKOMy aHauenHi ii;boro amHomeHHH npnMye aaepxy ^o aejin- 
HHHH, mo poapaxoBana na ocnoai MO^ejii njiocKHx xbhjib. Byjio 
oxpHMano, npoanajiiaoBano xa rpa4)iHHO npoijnocxpoaaHO npo- 
cxe anajiixHHHe cniBBmHomeHHn mitk ejiinxnuHicxio nojiapnaa- 
ii;ii BHCOKOHacxoxHoi" HaMaxHiueHOCxi aOy^iacennx noBepxHeanx 
MarnixocxaxHHHHx KOjinaanb xa noporoM i‘x napaMexpHunoro 
36yfl:aceHHH. 
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